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ABSTRACT

The paper presents a technique for construction of C" interpolating rational Bézier spline curves by means
of blending rational quadric Bézier curves. A class of polynomials which satisfy special boundary
conditions is used for blending. Properties of the polynomials are considered. The constructed spline
curves have local shape control that make them useful in such geometric applications as real-time
trajectory generation and fast curve sketching.
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1. INTRODUCTION

Interpolating spline curves play important role in different geometric applications. This paper
presents an approach to construction of interpolating rational Bézier spline curves with local
control which have C" continuity. This property makes the spline curves suitable for using in
different real-time geometric applications concerned with trajectory generation. A shape of
the constructed spline curve can be modified by means of weights which are assigned to knot
points of the spline curve. This feature enables using of the presented spline curves for fast
sketching.

Segments of the presented spline curves are constructed by means of blending rational
quadric Bézier curves represented in homogeneous coordinates. The blending is performed by
means of specia polynomials which are considered in the paper. The polynomials ensure a
necessary parametric continuity of the designed spline curves. The presented approach can be
considered as generalization of the approach to construction of interpolating spline curvesin
linear spaces considered by the author [1].

Firstly construction of spline curves by linear blending of parabolic arcs was proposed by
Overhauser [2] and considered by Rogers and Adams [3]. Using linear blending of conics for
construction of spline curves was considered by Chuan Sun [4]. Polynomia blending which
ensures G" continuity is considered in other articles of Hartmann [5] and Meek, Walton [6].
Some other works concerned with interpolation with rational spline curves can be mentioned.
Tai, Barsky and Loe presented an interpolation method that is based on blending a nonuniform
rationa B-spline curve with a singularly reparameterized linear spline [7]. Interpolating rational
spline curves of cubic degree with shape control are considered in works [8-10]. Rational
cubic spline curves with G? continuity is considered in the work [11]. Weighted rational cubic
splineinterpolation and its application are considered in the articles [12-15].
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2. BLENDING POLYNOMIALS

The purpose of this section isto define polynomials which will be used for blending of parametric
curves. For this purpose consider the following knot sequences

(00...,011....0)

n n

and define the following polynomials:
2n-1

Wn (U) = Z b2n—1,i (U) y U D[O,l] ’
where b, ..(u) are Bernstein polynomials

By (U) =m(+!_m)!(1—u)"'mum.

It follows from this definition that the polynomials w,(u) meet the following boundary conditions:

w,(0) =0, w,(D =1, (2.1)
w, ™ ©)=w," @ =0, OmO{L2,..,n-1}. (2.2)

The polynomials w,,(u) have the following properties:

w, (u) +w,(1-u) =1, (2.3)
w, (1/2+v)+w,(1/2-v)=1 (2.4)

which follow from the property

by m () =1

m=|

of Bernstein polynomials. It follows from Equation (2.4) that the polynomias wy(u) are
symmetric with respect to the point (1/2,1/2).

Besides it can be proven that
1/2

lim IW” (udu=0
n- o i)
and that the polynomia w,(u) is a minimum of the functional
1
J,(f) =I| f ™ (u)>du, nON.
0

Proofs of the properties can be found in the paper [1]. Figure 1 shows graphs of the polynomials
Wa(U).

The following polynomials of lower degrees:
wy(u)=u,
W, (u) =3(1-u)u® +u?,
W, (U) =101 - u)?u® +5(1 - u)u* +u®
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are often used in geometric applications.
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Figure 1. Graphs of the polynomials w, (u)

"

The polynomias w,(u) were introduced by the author [16, 17]. The representation of these
polynomias wi,(u) by means of Bernstein polynomial s was proposed by Wiltsche [18].

3. BLENDING CONIC ARCS

Consider two conic arcs pi(u), {1, 2}, which are represented by means of rational Bézier
curves and have common boundary points that is

(1_U)2Wo Po +2(1—u)uw; , p; +U2W2p

P (u) = 2, ud[oa]. (3.2)

@-u)?w, +2(L-u)uw; ; +u>w,

The problem is to construct a parametric curve p(u) which has the following boundary points:

P(0) = p(0) = py, P(D) = p,() = p, (3.2
and satisfies the following boundary conditions:
p™(0) = p, (0), p™ @ = p,™ @), OMO{L2,..,n}, (3.3)

where nON. The parametric curve p(u) which satisfies Equations (3.2) and (3.3) is called a
parametric curve blending the parametric curves py(u) and py(u).

In order to solve the problem represent the parametric curves pi(u), i0{1, 2}, using
homogeneous coordinates as follows:

X; (U) = (L-u)®X, + 21— u)ux;, +u’x,, ud[0]],

where the points X, X1 and x, have the corresponding weight coordinates wy, Wi ; and w,. Then
define the parametric curve x(u) as follows:

x(u) = (L= w, (U)X (U) + W, (U)X, (u), uD[0], (3.4)
It follows from this definition that the corresponding parametric curve p(u) which is obtained
from the parametric curve x(u) by transition to Cartesian coordinates has the following
rational representation:

(1= w, (U))ra () + w, (U)r, (U)
(L= w, (W)ry (u) + w, (U)r, (u)

p(u) = ud[og, (3.5)

where
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r(u) = (1_U)2W0 Po +2(1-u)uw; ; p;; + u’w, p,, i0{1%,
r(U) = (L-u)?wy + 2(L—u)uw, +uPw,, 10{12} .

It follows form the definition of the polynomials w;,(u) that the parametric curve p(u) satisfies
conditions (3.2) because

_ @=wp (0)ry(0) + Wy (0)r,(0) _ 1,(0) _

PO = =W, )R 0 + W, (0, ©) 1, (0)

P.(0) = po

and
@-w, )@ +w, O @) @)
1) = = = p,@ = p,.
PO @ wone Ry PP

Derivatives of the parametric curve p(u) depend on derivatives of the numerator and
denominator of Equation (3.5). In order to simplify further considerations introduce the
following denotations:

F(U) = (L W, (U))ry (W) + W, (W), (u) , uD[0],
F(U) = (L= W, U)F, (U) + W, (W), (u), uD[0] .

Now determine derivatives of the numerator r(u) and denominator r(u). It is obtained using
Leibnitz's formula that

r™ (u) = Z - (m”‘_ R ORARORCADRAIOF

r(m) (U) = 2 m (mrﬂ_ |)| ((1_ w, (u))(i) rl(m—i) (U) + (Wn (U)) (i) r.2(m—i) (U)

for any mON. Substitution of Equations (2.2) into these equations yields that the derivatives
have the following values at the boundaries of the interval [0,°1]:

r™(0) = - w, 0)r,"™ (0) + w, (0)r," (0) =r," (0), (3.6)

r™ @ =@2-w, ))r,™ (0) + w, )r,"” @) =r," @) (3.7)
and analogously

r™(0) = (1-w, (0)r, ™ (0) +w, O)r,"™ (0) =r,™ (0), (3.8)

r™ @) =@1-w,@)r,™ ©) +w, Qr,"™ @ =r," 1) (3.9)

for any OmO{12...,n-1. Now show the derivatives of the order n aso have necessary
values at the boundaries of the domain [0,°1]. It can be seen that

r(0) =-w” (O)r, (0) + (L= w, (O)r;” () + Wy (O)r (0) + w, (O)r" (0) =1, (0)
rO @)= -we O @ + L= w, )" @)+ W Or, @)+ w, " O =17 @)

and ana ogously
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r®0=r"), r®=r"@.
Thusit is proved that

r™©=r"0, r"@=r,"@,
rm©)=r,™ ), r™@=r," @), Om{1,2...,n}.

Using obtained results compute higher order derivatives of the parametric curve p(u). It
follows form Equation (3.5) using introduced denotations for the numerator and denominator
that

r(u) p(u) =r(u), u[o]].

Differentiation of the last equation using Leibnitz's formulayields that

m

Z, m, rOwp™ W) =r™@u), mON.
L il(m—i)!

Substitution of Equations (3.6), (3.8) and (3.7), (3.9) into the last equation yields the
following values of derivatives at the boundaries of the interval [0,°1]:

2-. "0 p™ () =" (), (3.10)
Ly il(m—i)!
i" M0 ptm @y =r,™ ). (3.11)
L il (m—i)!

On the other hand it follows from Equations (3.1) that
rp(u)=ri), i0{12,

and therefore derivatives of the parametric curves pi(u), i0{1, 2}, satisfy the following
eguations:

= m

2 = n©Op ™0 =r"(0), (312)
LRGN T R
;mrz @Dp, " O=r," @) (3.13)

Show that Equations (3.10) and (3.12) are equivalent. Consider the first derivatives of the
parametric curves p(u) and py(u). It follows from Equations (3.10) and (3.12) that the first
derivatives satisfy the following two equations:

(0 p® () +1% ) p©0) =10, LO P (O +1,? )P0 =r,"(0).
It follows from these two equations taking into account Equations (3.2) that

p® (0) = p,” (0).

Now assume that the following equation:
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p™(0) = p, "™ (0)

is aso fulfilled. Then consider the m-th order derivatives of the parametric curves p(u) and
p:(u). It follows from Equations (3.10) and (3.12) that the m-th order derivatives satisfy the
following equation:

i m @) (=) () = = m @) (m-i)
;—i!(m—i)!rl ©)p™(0) ;i!(m—i)!rl O)p, 7 (0)

which is equivalent to the equation

n@¢”©+2m%i%wﬂmmmmmﬁ

m-1 _ ) .
=0p "0+ % 10 (0)p, ™ (0)

It follows from the last equation taking into account the assumption that
p™(0) = p,(0).

Therefore the last equation is fulfilled for all mON by the principle of mathematical
induction. Analogously it can be proven using Equations (3.11) and (3.13) that

P ®=p," .
for all mON. Thus Equations (3.3) are also fulfilled.

Figure 2 shows some curves constructed by means of blending two conic arcs with the
polynomials wi(u).

Figure 2. Blending conic arés_bymeans of the polynomials wy(u)
4. BEZIER REPRESENTATION OF BLENDED CONIC ARCS

The purpose of this section is to obtain a rational Bézier representation of the blending
parametric curve p(u) described by Equation (3.5). In order to solve the problem consider a
homogeneous representation x(u) of the parametric curve p(u) which is described by Equation
(3.6). Using Equation (2.3) the homogeneous representation can be transformed as follows:

x(u) = (L= w, (U)X, (U) +w, (U)X, (u) =
= W, (L= u)xg (U) +w, (U)X, (U) =
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2n-1

- Zobmk @5+ Y by (X5 =

= Z Bon—i (U (D0 (U)X + b1 (U)Xy5 +D,,(U)X5) +

2n-1
+ 3 By (U) (D0 (U)X + Dy, (U)X, +D,,(U)X,) =

=n
2n-1 n-1

= ; o1k (U)o (U)X + ; Do (U0, 1 (U) Xy +

2n-1 2n-1

+ 3 by (U)by, (U)X, + Z} BDan-1k (U)D, 5 (U)X, =

=n
2n-1

n
= g Bansak (U)Co i X + Z Dansak (U)Cyy Xqg +
2n .

2n+l

+ z Dok (U)C1 Xpp + ; Bansak (U)Co X
k=n+1 =

Where
_(@n-k)(@2n-k+J)
ok 2n(2n +1)
Cu _k@n-k+1) ,1<k<2n,
' n(2n+1)
_ (k-Dk
Cz,k T A L]
2n(2n+1)

, 0gsk<2n-1,

2<k<2n+1.

It follows from the last equations that the parametric curve x(u) has the following Bézier
representation:

X(U) =By 0(U)Xg + Bypig 5 (U)(Coa X +CpaXyg4) +

n
+ Z Bonak (U)(Cox Xo + Cr Xgq +CoXp) +

2n-1
+ Z Dok (U)(Cox Xo + CriXaq +CoxXp) +
k=n+1

+D5n41.20 (U)(Cr2n X21 €220 X2) + Bonig 2nea (U) X5 -

Then transition to Cartesian coordinates yields that the blending parametric curve p(u) has the
following rational Bézier representation:

o) =" yojogy, 1)
r(u)
where
r(U) = DBypug o (UYWo Py + D11 (U)(Co 1 Wo Po + Cig Wy Pyg) +

n
+ Z Bk (U)(CoWo Po + Cr Wiy Prg + Co W, P,) +

2n-1

+ z Bk (U)(CoWo Po + CrWa 1 Pog + Cox W o Pp) +
k=n+1
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+ D40 2n (U(C1 20 Wa 1 P21 + Co00Wao P2) + Banag onea (U)W, P, (4.2)
and

1 (U) = Byi1,0 (UWg + Dyppq 4 (U)(Co Wy +Cp W5 ) +

n
+ Z Do (U)(CoWo + Cp Wy g +Cpy W) +

2n-1

+ z By (U)(Co Wy + CWa g +Cop W, 5) +
k=n+1

+Don41.0 (U)(CponWa g + Cp o0 W) + By o (U)W, (4.3)

For example, the numerator and denominator of cubic and quintic blending parametric curves
have the following Bézier representations:

1
r(u) = bz, (U)W, Py + by, (U) 3 (Wo Po +2W 1 pys) +
1
+b,, (U) 3 (2Wy1 Ppg + W, Py) + By 5 (U)W, Py,

1 1
r(u) = bz (U)w, +by,(U) 3 (Wp +2w;,) + Dy, (U) 3 (2w, +W,) + by 5 (U)W,
and

(L) = B (W)W o + By (1) (W, o + 20, P) +

B (0) 25 (W P+ 6y Py +105P,) + By (L) 5 (W Py + 6Py + 3 p,) +
by (U) 5 (20, Poy + 3, P,) +bus (W,

F(U) = by o (U)W, + b5’l(u)%(3w0 +ow,)+

+s, (U) % (3w +6W;; +W,) +bs 4 (u)%(w0 +6W,, +3W,) +

1
+bg ,(U) 5 (2w, +3w,) + by 5 (U)W,
respectively.

5. CONSTRUCTION OF TWO SMOOTHLY JOINED CONIC ARCS

The purpose of this section is to introduce analytical expressions for construction smoothly joined
conic arcs. The expressions will be used for construction spline curves in the next section.
Consider three distinct points po, p1, and p, with the corresponding weights wy, wy and w,. The
problem is to construct two conic arcs pi(u), i0{1, 2}, which are represented by means of
rational Bézier curves

l_ 2 +21— + 2
(1= u)" Wy py +2(1- u)uwy; pyy “Wlpl,um[o,l], (5.1)

u) =
P () 1-u)?w, +2(1-u)uw,; +u’w,

1-u)®w, py + 2(1— U)uw,, P, +U’w,
(1-u)"wp, +2(1-u)uw,, P,y 2 P2 . uo[og] (5.2)

u) =
P2() 1= u)?wy + 2(L- u)uw,; +uPw,

and are smoothly joined at the common point p; that is
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P, @ = p,™(0), nON. (5.3)

In order to find control points p; 1, and p,; which ensure the necessary smooth junction represent
the conic arcs arcs p;(u) and px(u) using homogeneous coordinates as follows

X, (u) = (L= u)?X, + 2L - u)ux,, +u’x,, ud[o1],
X, (u) = (L-u)?x, +2(L-u)ux,, +u®x,, ud[0]].

The conic arcs arcs x;(u) and x,(u) are smoothly joined at the point x; only provided that the
following two conditions:

X1 (D) =x3(0), X1() =x3(0). (5.4)

are fulfilled. Resolution of these equations yields the following values of unknown control
points x;; and X, , of the quadric Bézier curves x;(u) and x,(u):
X, = X X, = X

o Xa =X

Xpp =X~

The values of knot points p;;, and p,; can be obtained from these eguations by transition to
transition to Cartesian coordinates as follows:
_ W, P, =W Py _ W, P, =W, Py
p1,1 =wWp - ) p2,1 =wpt .
4 4
W, =W, W, =W,
s W, =W, +
4 2,1 1 4

(5.5)

Wi, =W — (5.6)

Show that in this case the conic arcs arcs p;(u) and p(u) are also smoothly joined at the point p;.
For this purpose represent the conic arcs p;(u) and p,(u) asfollows:

ri (u)

pi(u)=——, i0{1% (5.7)
i (u)
where
r(u) =(1-u)?wyp, +2(1- u)uw, ; py; + TR
r(u) =(@-u)®wp, +2(1- U)uw, 1 P,y + u?w, p,
and

r(U) = Q- u)?w, + 2(1- u)uw,; +uw,
ro(u) =@ -u)®w, +2(1-u)uw,, +u’w,.

It follows from Equations (5.4) that the first two derivatives of the numerators r;i(u) and
denominators r;(u) satisfy the following conditions at the common point p;:

(@D =ry(0), r/(Q) =r;(0) (5.8)
and
n@=r;(0), /(M =r;(0). (5.9

It is obvious that any of al other higher order derivatives of the numerators ri(u) and
denominators r;(u) is equal to zero. Now transform Equation (5.7) asfollows:
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R p (U)=ru), i0{12,
and find the first derivatives of the equation parts. It is obtained that
ri(u) p; (U) + 13 (U) pi (U) =ri(u), 10{12}.
It follows from these equations taking into account Equations (5.8) and (5.9) that

vy = @ - @ p D) _rz(0) —r;(0) p,(0)
P = =

r (@ r>(0)
Analogously it can be proven that

=p,(0).

P = p2(0).

Now notice that al higher order derivatives of the conic arcs pi(u) a the common point p;
depends only values of these parametric curves at the common point and the first two derivatives
of the numerators r;(u) and denominators r;(u) at the common point. Then taking into account
the last two equations it can be stated that Equations (5.3) are aso fulfilled. Thusiit is obtained
that the conic arcs p1(u) and p2(u) are smoothly joined at the common point p;.

Since spline curves will be constructed by means of blending conic arcs it is reasonable to
consider shape modification of the conic arc by means of changing weights of its knot points.
This modification behaves just opposite to the modification of aweight of the conic control point.
That is if a weight of the conic control point increases then the conic pulls toward the control
point. Otherwise if aweight of the conic control point decreases then the conic pushes away from
the control point. Figure 3 shows modification of a conic shape depending on a weight of its
control point. Vaues of the weight are depicted near the knot points.

On the other hand if aweight of the conic knot point increases then the conic pushes away from
the control point. Otherwise if a weight of the conic knot point decreases then the conic pulls
toward the control point. Figure 4 shows modification of a conic shape depending on aweight of
its knot point.

Now it is clear how weights of knot points influence on shape of two smoothly joined conics.
Figure 5 shows modification of two smoothly joined conic shape by means of the weight whichis

prescribed to the knot point.
w,=1.0 w,=1.0 w,=1.0

\‘R\ \ .\{'.\\

‘ » =10 | » wi=30 » =03

[
' Y/
! |

wy=1.0 wy=1.0 wy=1.0

Figure 3. Modification of conic shape by means of a control point weight

10
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Wa = 1.0 1F3=3_0 Wy = 03
\“ '\‘ \
"'.\ \ ‘t\:\
.\I II ."I\
1 | ]
1 | 5,
‘ » w=1.0 I » w,=1.0 ) 2 w=10
) F s Iy
/ f . .
-’II ,’/ / ,f'{’(
'.ai:f/ lr'l ’/( :,"’5/
wy=1.0 wy=1.0 wy=1.0

Figure 4. Modification of conic shape by means of a knot point weight

Wy = 1.0 Wy= 1.0 Wy = 10
- . « _"\\
\\ \ \
\ \, .
\ \ .
1
* w=10 } wi=3.0 + Wwi=03
/ / |
rd rd [
/ y /
- / s r"ll.
-"/ e -
wy,=10 wy;=10 wy,=10

Figure 5. Modification of two smoothly joined conic shape by means of weights

More detailed considerations concerned with modification of rationa curve shape by means of
weights are presented in the works of Piegl [19], Sanchez-Reyes[20] and Juhész [21].

6. RATIONAL BEZIER SPLINE CURVESWITH LocAL SHAPE CONTROL

The purpose of this section is to present a technique for construction of a rational spline curve
p(u)C", nON, which interpolates a sequence of knot points p;, iC{0, 1, 2,..., k}, kKON, with the
corresponding weights wi. In order to solve the problem construct a segment p;(u), 0 <i <k, of the
parametric curve p(u) by means of blending two conic arcs p; 1(u) and p;»(u) as was proposed in
Section 3. Figure 6 explains construction a segment p;(u) of the spline curve p(u).

Pl'—l
*
Pi(u
\ 20)
\\\ ’/—'__‘_'“a\\
\ v ™.
\ P -"'_—\\\P i1
P, \_/ PN
ey - ™
e \\
\
P;y(u) N\
\h
P,

Figure 6. Construction of a spline curve segment

11
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In order to ensure C" smoothness of the spline curve p(u) it is necessary to ensure that that the
conic arcs p;.1.1(u) and p; »(u) are smoothly joined at the common point p;. This can be obtained by
constructing the conic arcs p;.11(u) and p; »(u) as was proposed in Section 5. Taking into account
these considerations define the conic arcs p; 1(u) and p; »(u) asfollows:

(1- U)ZWi p, +2(L-u)uw,, p,, + u2Wi+1 Pisa

L, (U) = ,ug[oy.
Pal) (L-u)®w; +2(1-u)uw, , +u’w,, uHed
fori){o, 1,..., k-1} and
1-u)?w, p; +2(L—U)uw, , p, , +U*W,, P,
piyz(u) — ( U) \N| p| ( u)uvvl,Z p|,2 u VV|+1 p|+1 ' UD[O,].] )

(L-u)?w, +2(L-u)uw, , +u’w,,

fori0{1, 2,..., K} where the control points p;; and p;, with the corresponding weights w; ; and w; ,
are defined using Equations

Wi Py ~ Wi, Py — Wi Py ~Wiq Py
y P =WPt :
4 Pz P 4

—W._ W, —W_
|1'V\/i,2:VVi+ i+l i-1

P.=WD~

Then a segment p;(u) of the spline curve p(u) can be defined using Equation (3.5) asfollows:

(= w, (U)ri g (u) + w, (U)r; 5 (U)
(L= w, (W)r; 1 (u) +w, (W), , ()

p, (u) = u D[O,l] ,

where
r (W) =@Q-u)?wp +2(L-u)uw, | p,; +U*W,, Py, ] O{12,
r(u) =@-u)’w +2(L-uyuw, ; +u’w,,, jO{12}.

It follows from Equations (3.3) and (5.3) that in this case segments of the parametric curve p(u)
satisfy the following condition:

p"®=p,"(0), nON.

Figure 7 shows how a shape of the spline curve depends on the weight prescribed to the knot
point of the spline curve. Weights of all other knot points of the spline curve are equa to the
unity.

. . ¥
, \ N
™~
™~ “
N . ~
« wy=10 y wr=20 s W2=05
/ A !
y Ve
v s
_./ : ~
/ ‘/"'
¥
£ \
N | ~

— - . —e

Figure 7. Modification of a;[;I i-ne curve shape by means of weights
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7. CONCLUSIONS

The approach to construction of C" continuous interpolating spline curves by means of blending
rational quadric Bézier curves is introduced. Spline curves are constructed locally which
implies local shape control of them by means of weights which are assigned to the knot
points of the constructed spline curve. Bézier representation of the considered spline curvesis
introduced. The presented technique can be used for fast prototyping rational spline Bézier.
Besides since the spline curves are constructed locally the presented technique can be aso
used in real-time geometric applications connected with computer graphics and animation.
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